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ABSTRACT
The algebra of quantum differential operators on graded algebras was in-
troduced by V. Lunts and A. Rosenberg. D. Jordan, T. McCune and the
second author have identified this algebra of quantum differential opera-
tors on the polynomial algebra with coefficients in an algebraically closed
field of characteristic zero. It contains the first Weyl algebra and the
quantum Weyl algebra as its subalgebras. In this paper we classify irre-
ducible weight modules over the algebra of quantum differential operators
on the polynomial algebra. Some classes of indecomposable modules are
constructed in the case of positive characteristic and q root of unity.
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1. Introduction
Let k = Q(q) be a field where q ∈ C∗ is not a root of unity. Let k[x] denote
the polynomial algebra over k in one variable x. Then following [5], the algebra
of quantum differential operators on k[x], denoted by Dq(k[x]), for a specific
bicharacter β was constructed in [4]. In [3], the algebra Dq(k[x]) was described
in terms of generators and relations.
View x as a linear map on k[x] via multiplication; that is, x(f) = xf for
f ∈ k[x]. For a ∈ {1,−1} define ∂a : k[x] → k[x] linearly by ∂a(xn) =(
qan − 1
qa − 1
)
xn−1 for n ≥ 1 and ∂a(1) = 0. Further, define ∂0 = ∂ : k[x] → k[x]
linearly by ∂(xn) = nxn−1 for n ≥ 0. Then, Dq(k[x]) is the subalgebra of the
algebra of k-linear homomorphisms, Hom(k[x], k[x]), generated by the maps
{x, ∂1, ∂−1, ∂0} ([4]). The defining relations ([3]) among these maps are
∂ax− q
ax∂a = 1,(1.1)
∂ax∂b = ∂bx∂a,(1.2)
∂−1∂1 = q∂1∂−1, for a, b ∈ {1,−1, 0}.(1.3)
In [3], it is shown that Dq(k[x]) is a left and right Noetherian simple domain of
GK dimension 3 when q is transcendental over Q.
Let σ : k[x] → k[x] be the automorphism given by σ(xn) = qnxn for n ≥ 0.
Then one can check that
∂1x− x∂1 = σ = (q − 1)x∂1 + 1,(1.4)
∂−1x− x∂−1 = σ
−1 = (q−1 − 1)x∂−1 + 1,(1.5)
∂−1 = σ
−1∂1.(1.6)
Note that Dq(k[x]) is Z-graded with deg(x) = 1, deg(σ) = deg(σ
−1) = 0 and
deg(∂) = deg(∂1) = −1. Let τ = ∂x. Then, we have τσ = στ and k[τ, σ, σ−1] is
the subalgebra of Dq(k[x]) of degree 0. Note that k[τ, σ] is indeed a polynomial
algebra, and k[τ, σ, σ−1] is the localization of k[τ, σ] at powers of σ. Let α :
k[τ, σ, σ−1] → k[τ, σ, σ−1] be an algebra automorphism given by α(τ) = τ − 1
and α(σ) =
σ
q
.
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By (1.1)-(1.3) and (1.4)-(1.6) we may view Dq(k[x]) as an algebra generated
over k[τ, σ, σ−1] by generators {x, ∂, ∂1} subject to the relations
∂x = τ, x∂ = τ − 1,(1.7)
∂1x =
qσ − 1
q − 1
, x∂1 =
σ − 1
q − 1
,(1.8)
∂1(τ − 1) = ∂
(
σ − 1
q − 1
)
,(1.9)
xτ = (τ − 1)x, xσ =
σ
q
x,(1.10)
∂τ = (τ + 1)∂, ∂σ = qσ∂,(1.11)
∂1τ = (τ + 1)∂1, ∂1σ = qσ∂1.(1.12)
This motivates the following definition/notations.
Definition/Notations. Let k be an arbitrary field, q ∈ k∗. For variables τ, σ,
let R = k[τ, σ, σ−1] be the localization of the polynomial algebra k[τ, σ] with
respect to the multiplicative set {σi}ı∈Z≥0 . Let α : R→ R be the automorphism
given by α(τ) = τ − 1 and α(σ) =
σ
q
. Let D be the algebra generated over R
with variables X,Y, Y1 satisfying relations
Y X = τ, XY = α(τ),(1.13)
Y1X = qσ − 1, XY1 = α(qσ − 1),(1.14)
Y1(τ − 1) = Y (σ − 1),(1.15)
Xr = α(r)X, Y r = α−1(r)Y, Y1r = α
−1(r)Y1, ∀r ∈ R.(1.16)
Our goal is to study weight modules of D along the lines of [1] and [2] using
the fact that D contains two Generalized Weyl Algebras (GWA), denoted by
Aq, A1. In this paper we deal only with the problem of classifying irreducible
modules when k is algebraically closed. We will treat the indecomposable ones
in a subsequent paper.
We show that all irreducible modules in these cases come in three groups:
Family I: Irreducible D weight modules which are extended from irreducible
Aq-weight modules (see section 3.1).
Family II: Irreducible D weight modules which are extended from irreducible
A1-weight modules (see section 3.2).
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Family III: Irreducible D-weight modules which do not arise from the families
I and II. These are indecomposable as Aq and as A1 modules (see sections 3.1
and 3.2) by our main theorem,
Theorem (1): When k is algebraically closed, every irreducible D weight mod-
ule is indecomposable as an Aq-module and as an A1-module.
Theorem 2, Theorem 3, and Theorem 4 are combined to
Theorem (B): The irreducible D-modules are as described in families I, II,
and III.
In section 4.4, we build a family of indecomposable D-modules which are
decomposable as Aq and A1 modules (see Theorem 5) when the characteristic
of k is equal to the order of q. In this same set-up, we present,
Theorem (6): Let V = ⊕m∈ωVm be a finite dimensional D weight module with
support contained in orbit ω. Then dim(Vm) = dim(Vn) for any m, n ∈ ω.
In the process, we have investigated which indecomposable weight modules
of Aq and A1 can be extended to D weight modules, which is of independent
interest (sections 3.1 and 3.2). In particular, we note that in many cases, it is
not possible to extend an indecomposable Aq-module (or an A1-module) to a
D-module.
Assume k = k. For this reason, every irreducible polynomial which is needed
to describe weight modules is linear.
2. Preliminaries
Let Aq be the R-subalgebra of D generated by X,Y1. Then, Aq is a GWA:
Y1X = qσ − 1, XY1 = α(qσ − 1),(2.1)
Xr = α(r)X, Y1r = α
−1(r)Y1, ∀r ∈ R.(2.2)
The algebra D is then generated over Aq by Y with relations
Y X = τ, XY = α(τ),(2.3)
Y1(τ − 1) = Y (σ − 1),(2.4)
Y r = α−1(r)Y, ∀r ∈ R.(2.5)
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Analogously, let A1 be the R-subalgebra of D generated by X,Y . Then A1
is also a GWA with
Y X = τ, XY = α(τ − 1),(2.6)
Xr = α(r)X, Y r = α−1(r)Y, ∀r ∈ R.(2.7)
D is generated over A1 by Y1 with relations
Y1X = (qσ − 1), XY1 = α(qσ − 1),(2.8)
Y1(τ − 1) = Y (σ − 1),(2.9)
Y1r = α
−1(r)Y1, ∀r ∈ R.(2.10)
In what follows, A could mean Aq or A1, and t = qσ − 1 (if we study weight
modules over Aq) or t = τ (if we study weight-modules over A1).
Let Max(R) denote the set of maximal ideals of R. For m ∈ Max(R), set
Mm = {v ∈ M | mv = 0}. We say that M is a weight module if M =∑
m∈Max(R)Mm. Let support of M be Supp(M) = {m ∈ Max(R) | Mm 6= 0}.
The cyclic group < α > generated by α acts on the set Max(R), and let Ω
denote the corresponding orbit set. When ω ∈ Ω is infinite we call ω a linear
orbit. When ω is finite it is called a circular orbit. Set an order on ω by
m < α(m).
For m ∈ Max(R), let Km = R/m and tm = t + m ∈ Km. Call m a break if
tm = 0. Let B be the set of all breaks, and Bω = B ∩ ω for ω ∈ Ω. A maximal
break in a linear orbit is m ∈ B which is maximal with respect to the order <
defined in the preceding paragraph. For a circular orbit, chose any break to be
the maximal break.
Note that [2] gives lists of indecomposable and simple weight GWA modules.
2.1. Description of indecomposable A-modules. For each orbit ω of r
elements, fix a maximal ideal m(ω) ∈ ω which is chosen to be a maximal break
if ω has a break. In what follows, T = Y1 if we are studying Aq-modules, and
T = Y if we are studying A1-modules, and A denotes Aq or A1.
Case |ω| = ∞, Bω = ∅: Here, V (ω) = ⊕m∈ωKm has an irreducible A-module
structure with X(v) = α(tmv) and T (v) = α
−1(v) for v ∈ km. The module
V (ω) is irreducible.
Case |ω| = ∞, Bω 6= ∅: If m is the maximal element in Bω then set B′ω =
Bω ∪ {α(m)}. If Bω does not have a maximal element, then B′ω = Bω. Let
J ⊂ B′ω be an interval, and J
′ ⊂ J be any subset not containing the maximal
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element of J . Let n0 be the maximal break in ω preceding all elements of J or
−∞ if it does not exist; let n1 be the maximal element of J if it exists and is
a break or +∞ otherwise. For each m ∈ ω, put Vm = Km if n0 < m ≤ n1 and
Vm = 0 otherwise. Set V (ω, J, J
′) = ⊕m∈ωVm, and for v ∈ Vm set
X(v) =


α(tmv) if m /∈ B,
α(v) if m ∈ J ′,
0 otherwise;
T (v) =


0 if α−1(m) ∈ J ′ ∪ {n0},
α−1(v) otherwise.
Case |ω| < ∞, Bω = ∅: Fix any f ∈ k∗. Let V (ω, f) = ⊕m∈ωkm and give it
A-module structure by setting
X(v) =


α(tmv) if m 6= m(ω),
fα(tmv) if m = m(ω);
T (v) =


α−1(v) if α−1(m) 6= m(ω),
1
f
α−1(v) if α−1(m) = m(ω).
The module V (ω, f) is irreducible.
Case |ω| < ∞, Bω 6= ∅: Here, we receive two families of indecomposable fam-
ilies. Suppose |Bω| = m > 0. Then there is a one-to-one correspondence
Zm → Bm with mi = αi(m0) for some fixed break m0. For any m ∈ ω, let
j(m) ∈ Zm be the unique j such that mj−1 < m ≤ mj . Let x, y be two noncom-
muting variables.
Family 1. Fix j ∈ Zm and w = z1z2 · · · zn be a word of length n ≥ 1 where
each zi ∈ {x, y}. Let e0, e1, . . . , en be n + 1 symbols. For each m ∈ ω, let
Vm be a vector space over km with basis {(m, ek) | k + j = j(m) ∈ Zm}. Put
V (ω, j, w) = ⊕m∈ωVm and it has an A-module structure given by
X(m, ek) =


tm(α(m), ek) if m /∈ B,
(α(m), ek+1) if m ∈ Bω and zk+1 = x,
0 otherwise;
T (m, ek) =


(α−1(m), ek) if m is not a break,
(α−1(m), ek−1) if m ∈ Bω and zk = y,
0 otherwise.
Let m1 be that break for which n + j = j(m1) ∈ Zm. Then X(m1, en) = 0.
Similarly, let m0 be that break for which j = j(m0) ∈ Zm. Then T (m0, e0) = 0.
The module V (ω, j, w) is irreducible if and only if w is the empty word.
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Family 2. Let w = z1z2 · · · zn be a word whose length n is a multiple of m
for zi ∈ {x, y}. Let f ∈ k∗. Consider n elements ek where k = 1, 2, . . . , n. For
m ∈ ω, let Vm be a km vector space with basis {ek | k ≡ j(m)(mod m)}. The
vector space V (ω,w, f) = ⊕m∈ωVm has an A-module structure given by
X(m, ek) =


tm(α(m), ek) if m is not a break;
(α(m), ek+1) if m ∈ Bω, k 6= n, zk+1 = x;
f(α(m), e1) if m ∈ Bω, k = n, z1 = x;
0 otherwise;
T (m, ek) =


(α−1(m), ek) if α
−1(m) is not a break;
(α−1(m), ek−1) if α
−1((m) ∈ Bω, k 6= 1, zk = y;
f(α−1(m), en) if α
−1(m) ∈ Bω, k = 1, z1 = y;
0 otherwise;
The module V (ω,w, f) is irreducible if and only if w = xm or w = ym.
3. Indecomposable modules over Aq and A1.
3.1. The list of Aq-indecomposables. Here we go through the list of GWA-
indecomposables as described in [2] and understand them as Aq-weight modules.
3.1.1. The module Vq(ω, b) for b ∈ k∗ \ {qi}i∈Z. Suppose that |ω| = ∞ and
Bω = ∅. In this case, we see Vq(ω, b) = ⊕i∈Zkvi where {vi}i∈Z is a basis, and
the action is defined by:
X(vi) = (q
i+1b− 1)vi+1, Y1(vi) = vi−1,
f(τ, σ)(vi) = f(a+ i, q
ib)vi, for f ∈ k[τ, σ, σ
−1].
Note in particular that (σ − 1)(vi) = (q
ib − 1)vi 6= 0 since b /∈ {q
j}j∈Z. Thus,
in this case we can extend the action of Aq on Vq(ω, b) to an action of D by
setting
Y (vi) =
(a+ i− 1)
(qib − 1)
vi−1 ∀i ∈ Z.
Thus, for any a ∈ k, we obtain an irreducible D-weight module, denoted by
Vq(ω, b, a). Using appropriate scalar multiples of vi, we visualize Vq(ω, b, a)
without loss of generality as follows:
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v−2 v−1 v0 v1
σ = q−2b,
τ = a− 2
σ = q−1b,
τ = a− 1
σ = b,
τ = a
σ = qb,
τ = a+ 1
X = 1
Y1 =
b
q
− 1
Y = a− 2
X = 1
Y1 = b− 1
Y = a− 1
X = 1
Y1 = qb− 1
Y = a
Remark 1: When characteristic of k is 0, and a ∈ k\Z (respectively, a ∈ k\Zp
when characteristic of k is p > 0) then the resulting module Vq(ω, b, a) is an
irreducible A1-module. If a ∈ Z (respectively, a ∈ Zp), then the resulting
module Vq(ω, b, a) is an indecomposable A1-module.
3.1.2. The module Vq(ω, J, J
′) when q is not a root of unity. Suppose |ω| =∞
and Bω 6= ∅. That is, ω = {αi(τ − a, σ − b)}i∈Z. Since B = {(τ − c, qσ − 1) |
c ∈ k}, we have Bω 6= ∅ if and only if b = qk for some k ∈ Z. That is, without
loss of generality,
ω = {mi = (τ − a− i, σ − q
i−1)}i∈Z, and Bω =
{
m0 =
(
τ − a, σ −
1
q
)}
.
Set B′ω = {m0,m1}. Thus, we have options which we investigate one at a time:
(1) J = B′ω, J
′ = {m0}, n0 = −∞, n1 = ∞. In this case, we have V =
⊕∞i=−∞kvi. Set kvi = Kmi for i ∈ Z. That is, v0 ∈ Km0 . Here,
X(v) =


v1 if v = v0
(qi − 1)vi+1 if v = vi
Y1(v) =


0 if v = v1
vi−1 if v = vi
∀i ∈ Z.
Further, σ(vi) = q
i−1vi, τ(vi) = (a+ i)vi ∀i ∈ Z.
Using the fact that Y X = τ , we now define action of Y on Vq(ω, J, J
′) as ,
Y (vi+1) =
(a+ i)
(qi − 1)
vi ∀i 6= 0, Y (v1) = av0.
For every a ∈ k, we thus have a D weight module denoted by Vq(ω, J, J
′, a)
which is irreducible if a 6= 0, and indecomposable if a = 0. Note that if a ∈
Z \ {0} then Vq(ω, J, J ′, a) is not simple as either Aq module or A1-module.
But it is simple as a D-module. By considering suitable scalar multiples of vi,
without loss of generality, we visualize Vq(ω, J, J
′, a) as follows:
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v−2 v−1 v0 v1
σ = q−3,
τ = a− 2
σ = q−2,
τ = a− 1
σ = q−1,
τ = a
σ = 1,
τ = a+ 1
X = 1
Y1 =
1
q2
− 1
Y = a− 2
X = 1
Y1 =
1
q
− 1
Y = a− 1
X = 1
Y1 = 0
Y = a
(2) J = B′ω, J
′ = ∅, n0 = −∞, n1 = ∞. In this case again, we have V =
⊕∞i=−∞kvi. Set kvi = Kmi for i ∈ Z. Here,
X(vi) = (q
i−1)vi+1, Y1(vi) = vi−1, σ(vi) = q
i−1vi, τ(vi) = (a+i)vi, ∀i ∈ Z.
Using the fact that Y X = τ , we may define Y on Vq(ω, J, J
′), but requiring
that XY (v1) = (τ − 1)(v1) gives us a = 0. Thus, we have the following:
τ(vi) = ivi; Y (vi) =


cv0 if i = 1, for some c ∈ k,(
i− 1
qi−1 − 1
)
vi−1 if i 6= 1.
For any fixed c ∈ k, we have a D-module which is indecomposable, but not
irreducible. Notice that if c = 0, then V is a decomposable A1-module, but an
indecomposable Aq-module which is reducible as an A
q
1-module.
A generalization of the above set-up: For any c, d ∈ k, set Vq(ω, J, J ′, c, d) =
⊕∞i=−∞kvi with Here,
X(vi) = (q
i − 1)vi+1; σ(vi) = q
i−1vi, τ(vi) = ivi ∀i ∈ Z.
Y1(vi) =


cv0 if i = 1, for some c ∈ k,
vi−1 if i 6= 1.
Y (vi) =


dv0 if i = 1, for some d ∈ k,(
i− 1
qi−1 − 1
)
vi−1 if i 6= 1.
We have a D-module which is indecomposable (but not irreducible) for (c, d) 6=
(0, 0). If c = 0 and d 6= 0, then we have a module which is decomposable as
an Aq1-module, but indecomposable (but not simple) as an an A1-module and
hence indecomposable as a D-module. Conversely, if c 6= 0 and d = 0, then
we have a module which is decomposable as an A1-module but indecomposable
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(yet not simple) as an Aq1-modue and hence indecomposable as a D-module.
With a suitable change of basis, the picture is as follows:
v−2 v−1 v0 v1
σ = q−3,
τ = −2
σ = q−2,
τ = −1
σ = q−1,
τ = 0
σ = 1,
τ = 1
X = 1
Y1 =
1
q2
− 1
Y = −2
X = 1
Y1 =
1
q
− 1
Y = −1
X = 1
Y1 = c
Y = d
Remark 2: If a 6= 0, then for J = B′ω, J
′ = ∅, the module Vq(ω, J, J
′) cannot
be extended to a D-module.
(3) J = {m0}, J ′ = ∅, n0 = −∞, n1 = m0
In this case again, we have Vq(ω, J, J
′) = ⊕i≤0kvi. Set kvi = Kmi for i ≤ 0.
Here,
X(vi) =


(qi − 1)vi+1 for i ≤ −1,
0 for i = 0
; Y1(vi) = vi−1;
σ(vi) = q
i−1vi; τ(vi) = (a+ i)vi ∀i ≤ 0.
Since σ − 1 6= 0, we can define action of Y on on Vq(ω, J, J ′) by letting
Y = Y1
(
τ − 1
σ − 1
)
. This gives an irreducible D weight module denoted by
Vq(ω, J, J
′, a). After a suitable change of basis, the picture here is
v−2 v−1 v0
σ = q−3,
τ = a− 2
σ = q−2,
τ = a− 1
σ = q−1,
τ = a
X = 1
Y1 =
1
q2
− 1
Y = a− 2
X = 1
Y1 =
1
q
− 1
Y = a− 1
X = 0
Remark 3: When characteristic of k is 0, and a ∈ k\Z (respectively, a ∈ k\Zp
when characteristic of k is p > 0) then the resulting module Vq(ω, b, a) is an
irreducible A1-module. If a ∈ Z (respectively, a ∈ Zp), then the resulting
module Vq(ω, b, a) is an indecomposable A1-module.
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(4) J = {m1}, J ′ = ∅, n0 = m0, n1 = ∞ In this case we have Vq(ω, J, J ′) =
⊕i≥1kvi. Set kvi = Kmi for i ≥ 1. Here,
X(vi) = (q
i − 1)vi+1; Y1(vi) =


vi−1 for i ≥ 2,
0 for i = 1
;
σ(vi) = q
ivi; τ(vi) = (a+ i)vi ∀i ≥ 1.
Since σ − 1 6= 0 on vi, i ≥ 2, we can define Y on on Vq(ω, J, J ′) by letting
Y = Y1
(
τ − 1
σ − 1
)
on vi, i ≥ 2 and Y (v1) = 0. This gives an irreducible D
module we denote by Vq(ω, J, J
′, a). Here the picture is:
v1 v2 v3
σ = 1,
τ = a+ 1
σ = q,
τ = a+ 2
σ = q2,
τ = a+ 3
Y1 = 0
Y = 0
X = 1
Y1 = q − 1
Y = a+ 1
X = 1
Y1 = q
2
− 1
Y = a+ 2
X = 1
Y1 = q
3
− 1
Y = a+ 3
Remark 4: When characteristic of k is 0, and a ∈ k\Z (respectively, a ∈ k\Zp
when characteristic of k is p > 0) then the resulting module Vq(ω, b, a) is an
irreducible A1-module. If a ∈ Z (respectively, a ∈ Zp), then the resulting
module Vq(ω, b, a) is an indecomposable A1-module.
(5) J = ∅, J ′ = ∅, n0 = m0, n1 = ∞. The resulting module is the same as the
one above in case (4).
(6) J = ∅, J ′ = ∅, n0 = −∞, n1 = ∞. The resulting module is the same as the
one above in case (2).
3.1.3. The module Vq(ω, J, J
′) when q is a root of unit of 1. Note that since
|ω| = ∞ and q is a root of 1, this case arises when characteristic of k is 0.
Since D contains A1(k), we can extend only those Aq-modules which are infinite
dimensional. In other words, we consider only those J ⊂ B′ω for which n0 = −∞
or n1 = ∞. We also have b = qk for some k ∈ Z, |Bω | = ∞ and B′ω = Bω.
Set J ′ ⊂ J not containing the maximal element of J and we consider the
indecomposable Aq-module Vq(ω, J, J
′). We point out that Vq(ω, J, J
′) is not
irreducible Aq-module for any choice of J
′.
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Not every Vq(ω, J, J
′) can be extended to a D module. Using the condition
Y X = τ we see the following cases for any v 6= 0, v ∈ Vm:
Case 1: X(v) = cα(v) 6= 0. Then, set Y (α(v)) = τ(v)
c
.
Case 2: For m ∈ J \ J ′, X(v) = 0, Y1(α(v)) = v and τ(v) = 0. In this case set
Y (α(v)) = dv for any d ∈ k.
Case 3: For m ∈ J \J ′, X(v) = 0, Y1(α(v)) = v and τ(v) 6= 0. In this case this
Aq-module cannot be extended to a D-module since we require Y X(v) = τ(v).
In particular, since the characteristic of k is 0, we have that τ = 0 can happen for
at most one weight m. Thus, if m1,m2 ∈ J \J ′ are such that X(v1) = X(v2) = 0
for v1, v2 6= 0, v1 ∈ m1, v2 ∈ m1, then this Aq-module cannot be extended to a
D-module.
Remark 5: In case there is a D-module structure, then that structure is in-
decomposable D-module since it was indecomposable as an Aq-module to be-
gin with. This module is irreducible as a D module if and only if X 6= 0
for any m 6= n1 and Y, Y1 are not simultaneously zero unless α−1(m) = n0.
Further, if X 6= 0 for any m 6= n1 and Y (v) = Y1(w) = 0 for nonzero
v, w, v 6= w, v, w /∈ Vα(n0) then we have an irreducible D-module which is not
irreducible as an A1 or an Aq-module.
3.1.4. The module Vq(ω, f, b) for b /∈ {qi}i∈Z. This family of Aq-decomposables
arise when |ω| <∞ and Bω = ∅. In particular, the characteristic of k = p > 0,
and q is a root of 1 Since Bω = ∅, we have ω = αi(m) where m = (τ − a, σ − b)
where a, b ∈ k, b 6= 0, b /∈ {qi}i∈Z. Suppose |ω| = r (therefore, q
r = 1 and
p/r). For any f ∈ k∗, let Vq(ω, f, b) = ⊕1≤i≤rkvi be an r-dimensional vector
space and give it Aq-module structure as described in section 2.1, with A = Aq,
T = Y1, and Vq(ω, f, b) = V (ω, f) setting
σ(vi) = q
i−1bvi; X(vi) =


(qib− 1)vi+1 if i < r,
f(b− 1)v1 if i = r;
τ(vi) = (a+ i − 1)vi; Y1(vi) =


vi−1 if i > 1,
1
f
vr if i = 1.
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Since action of X is an isomorphism, we extend the action of Aq to an action
of D by using Y X = τ and setting
Y (vi+1) =


a+ i− 1
qib− 1
vi if i > 1;
a+ r − 1
f(b− 1)
vr if i = 1.
We denote the resulting irreducible D-module by Vq(ω, f, b, a). Note that the
resulting A1-module is also irreducible since X is invertible. With a change of
basis we see the picture as given:
v1 v2 v3
. . .
vr
X = 1
Y1 = qb− 1
Y = a
X = 1
Y1 = q
2b− 1
Y = a+ 1
Y = a−1
f
, Y1 =
b−1
f
X = f
σ = b,
τ = a
σ = qb,
τ = a+ 1
σ = q2b,
τ = a+ 2
σ = qr−1b,
τ = a+ r − 1
3.1.5. The module Vq(ω, j, w). This family of Aq-decomposables arise when
|ω| < ∞ and Bω 6= ∅ and this is Family 1 as described in section 2.1. Let
|Bω| = m > 0 (that is, b ∈ {qi}i∈Z). The one-to-one correspondence Zm → Bm
and j(m) ∈ Zm are as described in section 2.1. Let x, y be two noncommuting
variables.
Fix j ∈ Zm and w = z1z2 · · · zn be a word of length n ≥ 1 where each
zi ∈ {x, y}. Let e0, e1, . . . , en be n + 1 symbols. For each m ∈ ω, let Vm
be a vector space over km with basis {(m, ek) | k + j = j(m) ∈ Zm}. Put
Vq(ω, j, w) = ⊕m∈ωVm and it has an Aq-module structure given by
X(m, ek) =


tm(α(m), ek) if m /∈ B,
(α(m), ek+1) if m ∈ Bω and zk+1 = x,
0 otherwise;
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Y1(m, ek) =


(α−1(m), ek) if m /∈ B,
(α−1(m), ek−1) if m ∈ Bω and zk = y,
0 otherwise.
The module Vq(ω, j, w) is irreducible as an Aq-module when w is the empty
word. Not every Vq(ω, j, w) can be extended to aD module. Using the condition
Y X = τ we see the following cases for any v 6= 0, v ∈ Vm:
Case 1: X(v) = cα(v) 6= 0. Then, set Y (α(v)) = τ(v)
c
.
Case 2: For m ∈ Bω, X(v) = 0, Y1(α(v)) = v and τ(v) = 0. In this case set
Y (α(v)) = dv for any d ∈ k.
Case 3: For m ∈ Bω, X(v) = 0, Y1(α(v)) = v and τ(v) 6= 0. In this case this
Aq-module cannot be extended to a D-module since we require Y X(v) = τ(v).
In cases 1 and 2, we obtain an indecomposable D-module since it was inde-
composable as an Aq-module to begin with.
Remark 6: • This module is irreducible as aD module if and only ifX 6=
0 at any vector other than (m1, en) and Y, Y1 are not simultaneously
zero other than at (m0, e0). If in addition, if Y (v) = 0 and Y1(w) = 0
for some v 6= w then we have an irreducible D-module which is not
irreducible as an A1 or an Aq-module.
• Another point to note, as we have seen in Case 3 above, not every
Aq-module has a D-module structure.
• In Case 2 above, we could have Y (α(v)) = dw for some other w with
X(w) = 0, τ(w) = 0 thereby giving us yet another extension of an
Aq-module to a D-module.
3.1.6. The module Vq(ω,w, f). This family of Aq-decomposables arise when
|ω| < ∞ and Bω 6= ∅ and this is Family 2 as described in section 2.1. Let
w be a word of length n where n is a multiple of m and let f ∈ k∗. Consider
n elements ek where k = 1, 2, . . . , n. For m ∈ ω, let Vm be a km vector space
with basis {ek | k ≡ j(mod m)}. The vector space Vq(ω,w, f) = ⊕m∈ωVm has
an A-module structure given by
X(m, ek) =


tm(α(m), ek) if m is not a break;
(α(m), ek+1) if m ∈ Bω, k 6= n, zk+1 = x;
f(α(m), e1) if m ∈ Bω, k = n, z1 = x;
0 otherwise;
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Y1(m, ek) =


(α−1(m), ek) if α
−1(m) is not a break;
(α−1(m), ek−1) if α
−1((m) ∈ Bω, k 6= 1, zk = y;
f(α−1(m), en) if α
−1(m) ∈ B, k = 1, z1 = y, s = 1;
0 otherwise;
The module Vq(ω,w, f) is irreducible if w = x
m or w = ym. The extension of
this action to an action of D follows the same pattern as in the previous case
Vq(ω, j, w), section 3.1.5. That is,
Case 1: X(v) = cα(v) 6= 0. Then, set Y (α(v)) = τ(v)
c
.
Case 2: For m ∈ Bω, X(v) = 0, Y1(α(v)) = v and τ(v) = 0. In this case set
Y (α(v)) = dv for any d ∈ k.
Case 3: For m ∈ Bω, X(v) = 0, Y1(α(v)) = v and τ(v) 6= 0. In this case this
Aq-module cannot be extended to a D-module since we require Y X(v) = τ(v).
The extended D-module is also indecomposable.
Remark 7: • This module is irreducible as a D module if and only if
X = 0 at at most one basis vector and Y, Y1 are not simultaneously
zero.
• Not every Aq-module has a D-module structure.
• In Case 2 above, we could have Y (α(v)) = dw for some other w with
X(w) = 0, τ(w) = 0 thereby giving us yet another extension of an
Aq-module to a D-module.
3.2. The list of A1-indecomposables. Now we go through the list of GWA-
indecomposables as described in [2] and understand them as A1-weight modules.
3.2.1. The module V1(ω, a). Heret |ω| =∞ and Bω = ∅. Hence, a ∈ k \Z if the
characteristic of k is 0, and a ∈ k \ Zp if the characteristic of k is p > 0. Here,
V1(ω, a) = ⊕i∈Zkvi where {vi}i∈Z is a basis, and the action is given by
X(vi) = (a+i)vi+1, Y (vi) = vi−1, f(τ, σ)(vi) = f(a+i, q
ib)vi, for f ∈ k[τ, σ, σ
−1].
For any b ∈ k∗, we may extend the action of A1 on V1(ω, a) to an action of D
by setting Y1(vi) =
(qib − 1)
(a+ i− 1)
vi−1. The resulting module is denoted V1(ω, a, b)
and is an irreducible D-module. By a suitable change of basis the picture for
V1(ω, a, b) is identical to the picture of Vq(ω, b, a) drawn in case 3.1.1.
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3.2.2. The module V1(ω, J, J
′) when characteristic of k is 0. Suppose that |ω| =
∞ and Bω 6= ∅. That is, ω = {αi(τ−a, σ−b)}i∈Z. Since B = {(τ, σ−c) | c ∈ k},
we have Bω 6= ∅ if and only if a ∈ Z. Without loss of generality, a = 0. That is,
ω = {mi = (τ−i, σ−qib)}i∈Z, and Bω = {m0 = (τ, σ − b)}. Set B′ω = {m0,m1}.
Thus, we have the following options:
(1) J = B′ω, J
′ = {m0}, n0 = −∞, n1 =∞
In this case, we have V1(ω, J, J
′) = ⊕∞i=−∞kvi. Set kvi = Kmi for i ∈ Z.
X(vi) =


v1 if i = 0
ivi+1 if i 6= 0;
Y (vi) =


0 if i = 1
vi−1 if i 6= 1
;
σ(vi) = q
ibvi, τ(vi) = ivi ∀i ∈ Z.
Using the fact that Y1X = qσ − 1, for a fixed b ∈ k∗ we define an action of Y1
on V1(ω, J, J
′) as follows: Y1(vi+1) =


(q1+ib− 1)
i
vi ∀i 6= 0
(qb− 1)v0. i = 0.
The resulting D
module, denoted by V1(ω, J, J
′, b), is irreducible if b 6= 1
q
. If b = qi for some
i ∈ Z, i 6= −1, then this module is irreducible as a D module even though it is
not irreducible as an A1 module or an Aq module. The picture for this module
is identical to the one drawn in subsection 3.1.1 for a = 0.
(2) J = B′ω, J
′ = ∅, n0 = −∞, n1 =∞.
In this case again, we have V1(ω, J, J
′) = ⊕∞i=−∞kvi. Set kvi = Kmi for i ∈ Z.
Here,
X(vi) = ivi+1; Y (vi) = vi−1; σ(vi) = q
ibvi, τ(vi) = ivi ∀i ∈ Z.
Using the fact that Y1X = qσ− 1, we now define action of Y1 on V (ω, J, J
′) by
Y1(vi) =


cv0 if i = 1, for some c ∈ k,(
qib− 1
i− 1
)
vi−1 if i 6= 1.
Requiring that XY1(v1) = (σ − 1)(v1) gives us b = q−1. Thus, we have the
following:
σ(vi) = q
i−1vi; Y1(vi) =


cv0 if i = 1, for some c ∈ k,(
qi−1−1
i−1
)
vi−1 if i 6= 1.
For any fixed c ∈ k, we have a D-module denoted by V1(ω, J, J ′, c), which is
indecomposable, but not irreducible.
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Remark 8: If b 6= q−1, then V1(ω, J, J ′) does not have a D-module structure.
We may generalize this construction to the following D-module denoted by
V1(ω, J, J
′, c, d) for any c, d ∈ k. Set V1(ω, J, J ′, c, d) = ⊕∞i=−∞kvi. Here,
X(vi) = ivi+1; σ(vi) = q
i−1vi; τ(vi) = ivi ∀i ∈ Z.
Y (vi) =


cv0 if i = 1, for some c ∈ k,
vi−1 if i 6= 1;
Y1(vi) =


dv0 if i = 1, for some d ∈ k,(
qi−1 − 1
i− 1
)
vi−1 if i 6= 1.
The D-module V1(ω, J, J
′, c, d) is indecomposable. Its picture is identical to
that of 3.1.2, case (2).
(3) J = {m0}, J ′ = ∅, n0 = −∞, n1 = m0
In this case again, we have V1(ω, J, J
′) = ⊕i≤0kvi. Set kvi = Kmi for i ≤ 0.
Here, Y (vi) = vi−1; σ(vi) = q
ibvi, τ(vi) = ivi and
X(vi) =


ivi+1 for i ≤ −1
0 for i = 0
∀i ≤ 0.
Since τ −1 6= 0, we can define Y1 on on V1(ω, J, J
′) by letting Y1 = Y
(
σ − 1
τ − 1
)
.
This gives a module structure of D on on V1(ω, J, J
′), and it is irreducible. The
picture here is identical to that of 3.1.2, case (3).
(4) J = {m1}, J ′ = ∅, n0 = m0, n1 = ∞ In this case we have V1(ω, J, J ′) =
⊕i≥1kvi. Set kvi = Kmi for i ≥ 1. Here, σ(vi) = q
i−1bvi, τ(vi) = ivi and
X(vi) = ivi+1 Y (vi) =


vi−1 for i ≥ 2,
0 for i = 1
; ∀i ≥ 1.
Since τ − 1 6= 0 on vi, i ≥ 2, we can define Y1 on on V1(ω, J, J ′) by letting
Y1 = Y
(
σ − 1
τ − 1
)
on vi, i ≥ 2 and Y1(v1) = 0. This gives a module structure of
D on on V1(ω, J, J
′), and it is irreducible. Here the picture is identical to that
of 3.1.2, case (4).
(5) J = ∅, J ′ = ∅, n0 = m0, n1 = ∞. The resulting module is the same as the
one above in case (4).
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(6) J = ∅, J ′ = ∅, n0 = −∞, n1 = ∞. The resulting module is the same as the
one above in case (2).
3.2.3. The module V1(ω, J, J
′) when characteristic of k is nonzero. Note that
since |ω| = ∞ and characteristic of k is p > 0, this case arises when q is not
a root of 1. Since D contains Aq1(k), we can extend only those A1-modules
which are infinite dimensional. Thus, we consider only those J ⊂ B′ω for which
n0 = −∞ or n1 =∞. We also have a ∈ Zp, |Bω| =∞ and B′ω = Bω. Set J
′ ⊂ J
not containing the maximal element of J and we consider the indecomposable
A1-module V1(ω, J, J
′). We point out that V1(ω, J, J
′) is not irreducible A1-
module for any choice of J ′.
Not every Vq(ω, J, J
′) can be extended to a D module. Using the condition
Y X = τ we see the following cases for any v 6= 0, v ∈ Vm:
Case 1: X(v) = cα(v) 6= 0. Then, set Y1(α(v)) =
(qσ−1)(v)
c
.
Case 2: For m ∈ J \ J ′, X(v) = 0, Y (α(v)) = v and qσ(v) = v. In this case
set Y1(α(v)) = dv for any d ∈ k.
Case 3: For m ∈ J \ J ′, X(v) = 0, Y (α(v)) = v and qσ(v) 6= v. In this case
this A1-module cannot be extended to a D-module since we require Y1X(v) =
(qσ − 1)(v). In particular, since q is not a root of 1, we have that qσ = 1
can happen for at most one weight m. Thus, if m1,m2 ∈ J \ J ′ are such that
X(v1) = X(v2) = 0 for v1, v2 6= 0, v1 ∈ m1, v2 ∈ m1, then this A1-module cannot
be extended to a D-module.
Remark 9: In case there is a D-module structure, then that structure is in-
decomposable D-module since it was indecomposable as an A1-module to be-
gin with. This module is irreducible as a D module if and only if X 6= 0
for any m 6= n1 and Y, Y1 are not simultaneously zero unless α−1(m) = n0.
Further, if X 6= 0 for any m 6= n1 and Y (v) = Y1(w) = 0 for nonzero
v, w, v 6= w, v, w /∈ Vα(n0) then we have an irreducible D-module which is not
irreducible as an A1 or an Aq-module.
3.2.4. The module V1(ω, f, a) for a /∈ Zp. This family of Aq-decomposables arise
when |ω| <∞ and Bω = ∅. In particular, the characteristic of k = p > 0, and q
is a root of 1 Since Bω = ∅, we have ω = αi(m) where m = (τ − a, σ− b) where
a, b ∈ k, b 6= 0, a /∈ Zp. Suppose |ω| = r (therefore, qr = 1 and p/r). For any
f ∈ k∗, let V1(ω, f, a) = ⊕1≤i≤rkvi be an r-dimensional vector space and give
it A1-module structure as described in section 2.1, with A = A1, T = Y , and
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V (ω, f, a) = V (ω, f) setting
σ(vi) = q
i−1bvi;
τ(vi) = (a+ i− 1)vi;
X(vi) =


(a+ i− 1)vi+1 if i < r,
f(a− 1)v1 if i = r;
Y (vi) =


vi−1 if i > 1,
1
f
vr if i = 1.
Since action of X is an isomorphism, we extend the action of A1 to an action
of D by using Y1X = qσ − 1 and setting
Y1(vi+1) =


qib− 1
a+ i− 1
vi if i > 1;
b− 1
f(a− 1)
vr if i = 1.
We denote the resulting irreducible D-module by V1(ω, f, a, b). With a change
of basis we see the picture as given in section 3.1.4
3.2.5. The module V1(ω, j, w). This family of A1-decomposables arise when
|ω| < ∞ and Bω 6= ∅ and this is Family 1 as described in section 2.1. Let
|Bω| = m > 0 (that is, a ∈ Zp). The one-to-one correspondence Zm → Bm
and j(m) ∈ Zm are as described in section 2.1. Let x, y be two noncommuting
variables.
Fix j ∈ Zm and w = z1z2 · · · zn be a word of length n ≥ 1 where each
zi ∈ {x, y}. Let e0, e1, . . . , en be n + 1 symbols. For each m ∈ ω, let Vm
be a vector space over km with basis {(m, ek) | k + j = j(m) ∈ Zm}. Put
V1(ω, j, w) = ⊕m∈ωVm and it has an A1-module structure given by
X(m, ek) =


tm(α(m), ek) if m /∈ B,
(α(m), ek+1) if m ∈ Bω and zk+1 = x,
0 otherwise;
Y (m, ek) =


(α−1(m), ek) if m /∈ B,
(α−1(m), ek−1) if m ∈ Bω and zk = y,
0 otherwise.
The module V1(ω, j, w) is irreducible as an A1-module when w is the empty
word. Not every V1(ω, j, w) can be extended to aD module. Using the condition
Y1X = qσ − 1 we see the following cases for any v 6= 0, v ∈ Vm:
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Case 1: X(v) = cα(v) 6= 0. Then, set Y1(α(v)) =
(qσ−1)(v)
c
.
Case 2: For m ∈ Bω, X(v) = 0, Y (α(v)) = v and qσ(v) = v. In this case set
Y1(α(v)) = dv for any d ∈ k.
Case 3: For m ∈ Bω, X(v) = 0, Y (α(v)) = v and qσ(v) 6= v. In this case
this A1-module cannot be extended to a D-module since we require Y1X(v) =
(qσ − 1)(v).
In cases 1 and 2, we obtain an indecomposable D-module since it was inde-
composable as an A1-module to begin with.
Remark 10: • This module is irreducible as a D module if and only if
X 6= 0 at any vector other than (m1, en) and Y, Y1 are not simulta-
neously zero other than at (m0, e0). If in addition, if Y (v) = 0 and
Y1(w) = 0 for some v 6= w then we have an irreducible D-module which
is not irreducible as an A1 or an Aq-module.
• Another point to note, as we have seen in Case 3 above, not every
A1-module has a D-module structure.
• In Case 2 above, we could have Y1(α(v)) = dw for some other w with
X(w) = 0, qσ(w) = w thereby giving us yet another extension of an
A1-module to a D-module.
3.2.6. The module V1(ω,w, f). This family of A1-decomposables arise when
|ω| < ∞ and Bω 6= ∅ and this is Family 2 as described in section 2.1. Let
w be a word of length n where n is a multiple of m and let f ∈ k∗. Consider
n elements ek where k = 1, 2, . . . , n. For m ∈ ω, let Vm be a km vector space
with basis {ek | k ≡ j(mod m)}. The vector space V1(ω,w, f) = ⊕m∈ωVm has
an A-module structure given by
X(m, ek) =


tm(α(m), ek) if m is not a break;
(α(m), ek+1) if m ∈ Bω, k 6= n, zk+1 = x;
f(α(m), e1) if m ∈ B, k = n, z1 = x;
0 otherwise;
Y (m, ek) =


(α−1(m), ek) if α
−1(m) is not a break;
(α−1(m), ek−1) if α
−1((m) ∈ B, k 6= 1, zk = y;
f(α(m), en) if α
−1(m) ∈ B, k = 1, z1 = y;
0 otherwise;
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The module V1(ω,w, f) is irreducible if w = x
m or w = ym. The extension of
this action to an action of D follows the same pattern as in the previous case
V1(ω, j, w), section 3.2.5. That is,
Case 1: X(v) = cα(v) 6= 0. Then, set Y1(α(v)) =
(qσ−1)(v)
c
.
Case 2: For m ∈ Bω, X(v) = 0, Y (α(v)) = v and qσ(v) = v. In this case set
Y1(α(v)) = dv for any d ∈ k.
Case 3: For m ∈ Bω, X(v) = 0, Y (α(v)) = v and qσ(v) 6= v. In this case
this A1-module cannot be extended to a D-module since we require Y1X(v) =
(qσ − 1)(v).
When one can extend to a D-structure, the extended D-module is also inde-
composable.
Remark 11: • This module is irreducible as a D module if and only if
X = 0 at at most one basis vector and Y, Y1 are not simultaneously
zero.
• Not every A1-module has a D-module structure.
• In Case 2 above, we could have Y1(α(v)) = dw for some other w with
X(w) = 0, qσ(w) = w thereby giving us yet another extension of an
A1-module to a D-module.
4. Irreducible D-modules
Proposition 1: All nonzero weight-spaces of an irreducible weight D-module
are 1-dimensional.
Proof. Consider the following quiver Q
X
Y1
Y
X
Y1
Y
. . .
X
Y1
Y
subject to all the relations inherited fromD. Let kQ be the path algebra of Q.
Fix an ith vertex and consider the cyclic subalgebra Q(i, i) of kQ which consists
of all paths that start and end in i. It is a standard fact that the restriction of
any irreducible kQ-module V onto Q(i, i) is irreducible. But Q(i, i) = k[σ, τ ].
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Since k is algebraically closed then any irreducible module over Q(i, i) is 1-
dimensional.
Theorem 1: Let V be an irreducible D weight module. Then V is indecom-
posable as an Aq as well as an A1 weight module.
Proof. Let V = ⊕m∈ωVm be an irreducible D weight module where ω is one
orbit.
Case: X is injective on V . If ω is cyclic, then V is finite dimensional and
every nonzero weight space is one dimensional. Let v0 ∈ m0 ∈ ω, v0 6= 0. Then
X i(v0) ∈ α
i(m0) and X
i(v0) 6= 0 for every i ≥ 0. That is, if ω = {α
i(m0) |
0 ≤ i ≤ r}, then V has basis {X i(v0) | 0 ≤ i ≤ r}, and the only X-invariant
subspaces are {0} and V . That is, V is indecomposable as an A1 and as an Aq
module.
If ω is linear and suppose there exists a v0 ∈ V, v0 6= 0 such that the preimage
X−1(v0) = ∅. If Y (v0) = w 6= 0, then XY (v0) = (τ − 1)(v0). If (τ − 1)(v0) =
cv0, c 6= 0, then X(
w
c
) = v0 contradicting the fact that X
−1(v0) = ∅. Thus,
XY (v0) = (τ − 1)(v0) = 0. If w 6= 0, then X(w) = 0 contradicting the
injectivity of X . Thus, Y (v0) = 0. Similar argument gives us Y1(v0) = 0. In
other words, the span of {X i(v0) | i ≥ 0} is a D-submodule of V , and hence
V = ⊕∞i=0kX
i(v0) and therefore indecomposable as A1 and Aq module.
Suppose the preimageX−1(v) 6= ∅ for any weight vector v. Let v0 ∈ Vm0 , v0 6=
0 be a weight vector. Then Vαi(m0) = kX
i(v0) for any i ∈ Z. Note that since
X is injective, X i(v0) is a singleton set for i < 0. Thus, V is indecomposable
as A1 and Aq module.
Case: X(v0) = 0 for a nonzero vector v0 ∈ Vm0 for some m0 ∈ ω. Then
V = D · v0 = S · v0 where S is the subalgebra of D generated by Y, Y1 over R.
Suppose |ω| = ∞. That is, V = ⊕i≤0Vαi(m0) 6= 0. Suppose X : Vαi(m0) →
Vαi+1(m0) is zero on these one-dimensional spaces for some i < 0. Then, W =
⊕j≤iVαj(m0) is a D-submodule of V . Therefore, X : Vαi(m0) → Vαi+1(m0) is an
isomorphism for every i < 0. For any A1 or Aq submodule W of V , if vi ∈ W ,
then Xj(vi) ∈ W, ∀j ≥ 0. In particular v0 ∈ W . Thus V is A1 and Aq
indecomposable.
Suppose |ω| = r+1 <∞. Let V = Vmr ⊕Vmr−1⊕ . . .⊕Vm0 . Suppose Vmi = 0
for some i, 0 < i ≤ r, thenW = Vmi−1⊕Vmi−2⊕. . .⊕Vm0 is aD-submodule of V .
Therefore, we may assume that every Vmi is one dimensional for 0 ≤ i ≤ r and
let ui be a basis vector for Vmi for each 0 ≤ i ≤ r. Note that Y, Y1 : Vmr → Vm0
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since α−1(mr) = m0. Since XY (ur) = XY1(ur) = 0 and XY = τ − 1 and
XY1 = σ − 1, we have mr = (τ − 1, σ − 1). If X : Vmi → Vmi−1 is the zero map
for any i, 0 < i ≤ r, then again mi−1 = (τ − 1, σ− 1) contradicting the fact that
ω is a single orbit.
Therefore, X : Vmi → Vmi−1 is an isomorphism for every 0 < i ≤ r. Then
V = ⊕ri=0kX
i(ur); in other words, every X-invariant subspace of V contains
v0, thereby making V an indecomposable A1 and an Aq module.
4.1. Characteristic of k is 0. Here m = (τ − a, σ − b) for some a, b ∈ k,
with b 6= 0. Note that (qσ − 1) ∈ m if and only if b =
1
q
and τ ∈ m if and only
if a = 0. In other words, the set of breaks B = {(τ − a, σ − 1
q
) | a ∈ k} when
studying Aq weight modules, and B = {(τ, σ − b) | b ∈ k} when studying A1
weight modules.
Fix m = (τ − a, σ − b). Then, αk(m) = (τ − a − k, σ
qk
− b). That is, ω =
{(τ−a−k, σ
qk
−b) | k ∈ Z}. If k is of characteristic 0 or if q is not a root of unity,
then |ω| = ∞. Note, (qσ − 1) ∈ αk(m) if and only if b = q−k−1 (respectively,
τ ∈ αk(m) if and only if a = −k) for k ∈ Z. That is, |Bω| ≤ 1 since Bω = ∅ if
b /∈ {qi}i∈Z or Bω = (τ−a−k, qσ−1) if b = q
−k−1, while studying Aq-modules;
or Bω = ∅ if a /∈ Z or Bω = (τ, σ − qkb) if a = k while studying A1-modules.
We now consider the following families:
Family I: Let V be an irreducible Aq weight module.
Case: q is a root of 1. Here, by Theorem (5.8) of [2] V is isomorphic to
Vq(ω, b) for b ∈ k∗ \ {qi}i∈Z. For any a ∈ k, the module Vq(ω, b) can be given
an irreducible D-weight module structure, and we denote this D module by
Vq(ω, b, a). The details are given in section 3.1, case 3.1.1.
Case: q is not a root of 1. In this case we have more families of irreducible
modules. Here, as an irreducibel Aq-module, V is one of the three: Vq(ω, b)
for b ∈ k∗ \ {qi}i∈Z (described in section 3.1, case 3.1.1), or Vq(ω, J, J ′) (de-
scribed in section 3.1 case 3.1.2) subcases (3) and (4). For any a ∈ k, these
Aq-modules are extended to irreducible D weight modules; these extensions,
denoted Vq(ω, b, a), Vq(ω, J, J
′, a), are also described in the mentioned sections.
Family II: Let V be an irreducible A1 weight module. Here, V is one of
the three: V1(ω, b) (described in section 3.2.1) and V1(ω, J, J
′, b) cases (3) and
(4) (described in section 3.2.2 cases (3) and (4)). Since these modules are A1
irreducible, they are D-irreducible whether or not q is a root of unity.
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Family III: Irreducible D weight modules which do not arise from
the families I and II above A D weight module is also an Aq and an A1
weight module. Note that an irreducible D-weight module need not result in
an irreducible Aq or an irreducible A1 weight module. For instance, the module
Vq(ω, J, J
′, a) described in 3.1.2 case (1) is an irreducible D weight module
which does not arise from the two families I and II. But by Theorem 1, every
irreducible D-module results in an indecomposable A1 and an indecomposable
Aq-module. So, we start with those modules V which are indecomposable (but
not irreducible) as A1-modules, and which can be extended to irreducible D-
modules while ensuring that they stay indecomposable (but not irreducible) as
Aq-modules.
Thus, |ω| = ∞, and Bω 6= ∅, where ω = {αi(τ − a, σ − b)}. Here, refer
to section 3.2.2. We see Bω 6= ∅ implies that a ∈ Z. We obtain irreducible
D-modules in two ways. One is described in case (1), for b ∈ k \ {qa−1}. The
other, and its generalization, is described in case (2) for b = qa−1. Note that in
these cases, q may or may not be a root of unit (refer to 3.1.3).
Theorem 2: When characteristic of k is 0 the irreducible D-modules are as
described in families I, II, and III.
Remark 12: Not every indecomposable A1-module can be given a D-module
structure, (see Remark 8, section 3.2.2). Likewise, not every indecomposable
Aq-module can be given a D-module structure, (see Remark 2, section 3.1.2,
and Remark 5 , section 3.1.3).
Remark 13: The key point in Theorem 1 is Proposition 1; that is, every weight-
space of an irreducible D weight module is one dimensional. Note that an inde-
composable D weight module need not satisfy this property. For example, let
V (c, d) = (⊕i≤−1kui)⊕ (⊕i≤−1kwi)⊕ (⊕i≥0kvi) be given a D-module structure
as follows:
σ(x) =


x
qi
if x = u−i,
x
qi
if x = w−i,
qix if x = vi;
X(x) =


ui+1 if x = ui, i 6= −1,
wi+1 if x = wi, i 6= −1,
0 if x = w−1 or x = u−1,
vi+1 if x = vi;
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τ(x) =


−ix if x = u−i,
−ix if x = w−i,
ix if x = vi;
Y (x) =


(i − 1)ui−1 if x = ui,
(i − 1)wi−1 if x = wi,
(i − 1)vi−1 if x = vi, i 6= 0,
cu−1 if x = v0;
Y1(x) =


(qi−1 − 1)ui−1 if x = ui,
(qi−1 − 1)wi−1 if x = wi,
(qi−1 − 1)vi−1 if x = vi, i 6= 0,
dw−1 if x = v0;
One can see that V (c, d), c, d 6= 0 is an indecomposable D-weight module,
with weight-spaces Vmi = kui ⊕ kwi for i ≤ −1 where mi is the maximal ideal
(τ − i, σ − 1
qi
), and Vmi = kvi for i ≥ 0. The picture for this is as follows:
w−2 w−1
X = 1
Y1 =
1
q3
− 1
Y = −3
X = 1
Y1 =
1
q2
− 1
Y = −2
u−2 u−1
X = 1
Y1 =
1
q3
− 1
Y = −3
X = 1
Y1 =
1
q2
− 1
Y = −2
v0
X = 1
Y1 = 0
Y = 0
X = 0
X = 0
Y = c
Y1 = d
4.2. Characteristic of k is nonzero and q is not a root of 1. Here
again we go through three families: Family I of irreducible Aq modules, Family
II of irreducible A1 modules, and Family III of indecomposable Aq and A1
modules which are not irreducible in either case.
Family I: Here, as an irreducible Aq-module, V is one of the three: Vq(ω, b)
for b ∈ k∗ \ {qi}i∈Z (described in section 3.1, case 3.1.1), or Vq(ω, J, J ′) (de-
scribed in section 3.1 case 3.1.2) subcases (3) and (4). For any a ∈ k, these
Aq-modules are extended to irreducible D weight modules; these extensions,
denoted Vq(ω, b, a), Vq(ω, J, J
′, a), are also described in the mentioned sections.
When a ∈ k \Zp, then the resulting D-modules are also A1-modules. If a ∈ Zp
then the resulting modules are indecomposable A1-modules.
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Family II: Let V be an irreducible A1 weight module. Here, V is one of
the three: V1(ω, b, a) (described in section 3.2.1) and V1(ω, J, J
′) (described in
section 3.2.3). These are D-irreducible weight modules.
Family III: Irreducible D weight modules which do not arise from the
families I and II above Here we start with indecomposable Aq-modules and
extend them to irreducible D-modules while keeping A1-structure indecompos-
able, although not irreducible. These appear in two situations of section 3.1.2:
One is described in case (1) with a 6= 0; the other is descibed in case (2) and
its generalization with c = 0, d 6= 0.
Theorem 3: When characteristic of k is not zero, and q is not a root of 1 the
irreducible D-modules are as described in families I, II, and III.
4.3. Characteristic of k is nonzero and q is a root of 1. In this case,
we see that |ω| <∞. Thus, we may describe families I and II as before.
Family I: When Bω = ∅, we get the module Vq(ω, f, b) for b /∈ {qi}i∈Z and
f ∈ k∗ described in section 3.1.4. This is an irreducible Aq-module and extends
to an irreducible D-module. When Bω 6= ∅, we have two families: The first
family is the module Vq(ω, j, w) which is irreducible for any j ∈ Zm and w
the empty word; this module is described described in section 3.1.5. While
not every Vq(ω, j, w) can be extended to a D-module, when w is the empty
word, this module can be extended to a D-module which will be irreducible.
The second family is the module Vq(ω,w, f) which is irreducible for the word
w = xm or w = ym; this module is described in section 3.1.6. When w = xm,
this module can be extended to a D-module. But if w = ym, then this module
may or may not be extended to a D-module.
Family II: As in the preceding paragraph, we have three families of irreducible
A1 modules which may be extended to an irreducible D-module. The module
V1(ω, f, a) for a /∈ Zp is described in section 3.2.4 and arises when Bω = ∅. This
is an irreducible A1 module, and can be extended to a D-module.
The module V1(ω, j, w) is described in section 3.2.5 and arises when Bω 6= ∅.
This is an irreducible A1-module if and only if w is the empty word, and it can
then be extended to a D-module.
The module V1(ω,w, f) is described in section 3.2.6 and arises when Bω 6= ∅.
This is an irreducible A1 module if and only if w = x
m or x = ym. When
w = xm, this module can be extended to an irreducible D-module. When
x = ym, this module may or may not be extended to a D-module.
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Family III: We start with indecomposable A1-modules (but not irreducible)
and extend in such a fashion that the resultant modules are indecomposable
Aq-modules (but not irreducible) and are irreducible as D modules. Thus, we
look at the case where |ω| < ∞ and Bω 6= ∅. As has been explained in the
proof of Theorem 1 the kernel of X is one-dimensional. By Proposition 1 every
weight space is also one-dimensional. In other words, when we consider module
Vq(ω, j, w) ( section 3.1.5) or V1(ω, j, w) (section 3.2.5) we need to consider
w = xm where m = |Bω|. Both these families may or may not be extended to
families of D-modules. If extended, the extended families are irreducible if and
only if Y and Y1 are not simultaneously zero except at (m0, e0).
Similarly, we consider those modules Vq(ω,w, f) (section 3.2.6) and V1(ω,w, f)
(section 3.2.6). These modules are irreducible as Aq, and respectively A1 mod-
ules if and only if w = xm or w = ym. Since we require the dimension of the
kernel of X to be at most 1, and the dimension of every weight space be equal
to 1, we are forced to require that w be a word of degreem in variables x, y with
degree in y being exactly 1. Both these families may or may not be extended
to families of D-modules. If extended, the extended families are irreducible if
and only if Y and Y1 are not simultaneously zero except at the same edge as
the edge X = 0.
Theorem 4: When characteristic of k is nonzero and q is a root of 1, the
irreducible D weight modules are those described in families I ,II, and III.
4.4. A family of indecomposable D-modules which are decomposable
as Aq and A1 modules. Throughout this section we assume that the charac-
teristic of k is p > 0 and q is a root of 1 of order p.
In this section we present a family of finite dimensional indecomposable D-
modules which are decomposable as Aq and as A1 modules. First, we present
an example.
4.4.1. Characteristic of k is 3, and q3 = 1. Let m0 = (τ − 1, σ − 1). Then
αi(m0) = {m0,m1,m2} with mi = (τ − i − 1, σ − qi). Fix a, b, c, d ∈ k∗.
Let V = ⊕2i=0Vi where each Vi is a four dimensional kmi module with basis
{(i, e1), (i, e2), (i, e3), (i, e4)}. This D module can be visualized as follows:
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(0, e4) (1, e4) (2, e4)
X = 1
Y1 = q − 1
Y = 1
X = 1
Y1 = q
2
− 1
Y = 2
(0, e3) (1, e3) (2, e3)
X = 1
Y1 = q − 1
Y = 1
X = 1
Y1 = q
2
− 1
Y = 2
(0, e2) (1, e2) (2, e2)
X = 1
Y1 = q − 1
Y = 1
X = 1
Y1 = q
2
− 1
Y = 2
(0, e1) (1, e1) (2, e1)
X = 1
Y1 = q − 1
Y = 1
X = 1
Y1 = q
2
− 1
Y = 2
Y = a
Y1 = 1
Y1 = b
Y = 1
Y = c
Y1 = 1
Y1 = d
Y = 1
←W1
←W2
←W3
←W4
That is, the action of D on V is defined as follows:
X(i, ej) =


(i+ 1, ej) if i 6= 2,
0 if i = 2;
Y (i, ej) =


i(i− 1, ej) if i 6= 0,
a(2, e1) if i = 0, j = 1,
(2, e3) if i = 0, j = 2,
c(2, e3) if i = 0, j = 3,
(2, e1) if i = 0, j = 4;
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Y1(i, ej) =


(qi − 1)(i− 1, ej) if i 6= 0,
(2, e2) if i = 0, j = 1,
b(2, e2) if i = 0, j = 2,
(2, e4) if i = 0, j = 3,
d(2, e4) if i = 0, j = 4.
While V is an indecomposable D-module, as an A1 module V decomposes as
V = (W1 ⊕ W4) ⊕ (W2 ⊕ W3) and as an Aq-module V decomposes as V =
(W1 ⊕W2) ⊕ (W3 ⊕W4) where each Wi is the three dimensional vector space
spanned by {(0, ei), (1, ei), (2, ei)} for i = 0, . . . , 4.
4.4.2. Generalization. The above example 4.4.1 can be generalized. Let m ≥ 4
be an even natural number and a1, a2, . . . , am ∈ k∗. Let m0 = (τ − 1, σ − 1),
and mi = α
i(m0) for 0 ≤ i ≤ p − 1. For each 0 ≤ i ≤ p − 1 let Vi be the kmi
with basis (i, ej) for 1 ≤ j ≤ m. Let V (m; a1, a2, . . . , am) = ⊕
p−1
i=0 Vi and give it
D-action by X(i, ej) =


(i+ 1, ej) if i 6= p− 1,
0 if i = p− 1;
Y (i, ej) =


i(i− 1, ej) if i 6= 0,
a2k−1(p− 1, ej) if i = 0, j = 2k − 1,
(p− 1, ej+1) if i = 0, j = 2k < m,
(p− 1, e1) if i = 0, j = m;
Y1(i, ej) =


(qi − 1)(i− 1, ej) if i 6= 0,
a2k(p− 1, ej) if i = 0, j = 2k,
(p− 1, ej+1) if i = 0, j = 2k − 1,
where k is a natural number, 1 ≤ k ≤ m2 . This action results in an indecom-
posable D-module structure on V (m; a1, a2, . . . , am). For each 1 ≤ j ≤ m, let
Wj be the vector space with basis {(i, ej) | 0 ≤ i ≤ p− 1}.
Note, for each k, 1 ≤ k ≤ m2 , the vector space W2k−1 ⊕W2k is an Aq module,
and viewed as an Aq-module, V (m; a1, a2, . . . , am) is decomposed into a direct
sum of Aq-submodules:
V (m; a1, a2, . . . , am) = ⊕
m
2
k=1(W2k−1 ⊕W2k).
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Similarly, for each k, 1 ≤ k < m2 , the vector space W2k ⊕ W2k+1 is an A1
module; in addition, the vector space Wm ⊕ W1 is an A1-module. Further,
V (m; a1, a2, . . . , am) is decomposed into a direct sum of A1-submodules:
V (m; a1, a2, . . . , am) = ⊕
m
2
−1
k=1 (W2k ⊕W2k+1)⊕ (Wm ⊕W1).
We thus have,
Example 1: For any even natural number m ≥ 4, and a1, a2, . . . , am ∈ k∗,
there is an indecomposable D-weight module V (m; a1, a2, . . . , am) which is de-
composable as an Aq as well as an A1 weight module into
m
2
components.
This example leads us to the contruction of a family of indecomposable D
modules as follows: Let Y1, Y be two noncommuting variables, z ∈ {Y1, Y } and
a ∈ k∗. As above, let m0 = (τ − 1, σ − 1), and mi = α
i(m0) for 0 ≤ i ≤ p − 1.
Let W z,a = ⊕p−1i=0 kvi where vi is of weight mi. Then W
z,a has a D-module
structure given by X(vi) =


vi+1 if i < p− 1,
0 if i = p− 1;
Y (vi) =


ivi−1 if i > 0,
avp−1 if i = 0, and z = Y,
0 if i = 0, and z = Y1;
Y1(vi) =


(qi − 1)vi−1 if i > 0,
avp−1 if i = 0, and z = Y1,
0 if i = 0, and z = Y.
Fix m a natural number, a1, a2, . . . , am ∈ k∗, and w = z1z2 · · · zm a word
of length m where zi ∈ {Y1, Y }. Let V (m;w, a1, . . . , am) = ⊕mi=1W
zi,ai as
a vector space. We now connect each component to give V (m;w, a1, . . . , am)
an indecomposable D module structure. Namely, V (m;w, a1, . . . , am) receives
action of X from its action on each component W zi,ai . The action of Y on
W zi,ai is also inherited if zi = Y . If zi = Y1, then for i > 0, action of Y on
vi ∈ W
zi,ai is inherited; for v0 ∈ W
zi,ai set Y (v0) = vp−1 ∈ W
zi+1,ai+1 when
1 ≤ i < m, and set Y (v0) = vp−1 ∈ W z1,a1 when i = m. Similarly, the action
of Y1 on W
zi,ai is also inherited if zi = Y1. If zi = Y , then for i > 0, action of
Y1 on vi ∈ W zi,ai is inherited; for v0 ∈ W zi,ai set Y1(v0) = vp−1 ∈ W zi+1,ai+1
when 1 ≤ i < m, and set Y1(v0) = vp−1 ∈ W
z1,a1 when i = m.
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For 1 ≤ i ≤ m if we view each W zi,ai as a vertex, then V (m;w, a1, . . . , am)
is to be viewed as a directed cycle on m vertices with an edge Y (if zi = Y1) or
Y1 (if zi = Y ) joining vertex W
zi,ai to W zi+1,ai+1 if i < m and joining W zm,am
to W z1,a1 for i = m. As an examle, for word w = Y1Y Y1, and a1, a2, a3 ∈ k∗
the cycle would be
WY1,a1
WY,a2
WY1,a3
Y
Y1
Y Here, every W zi,ai is a p-dimensional vector space.
Theorem 5: Let p denote the characteristic of k and assume that p is equal to
the order of q as a root of 1. For natural number m, a1, a2, . . . , am ∈ k∗, and
any word w = z1z2 · · · zm with zi ∈ {Y1, Y } there is an irreducible D-weight
module V (m;w, a1, a2, . . . , am) of dimension pm. We also have:
• Case m = 1: Here V (m;w, a1, a2, . . . , am) is an irreducible A1 and Aq
module.
• Case m = 1, 2, 3: Here V (m;w, a1, a2, . . . , am) is indecomposable as an
A1 or an Aq module.
• Case m ≥ 4: If w = Y m1 , then V (m;w, a1, a2, . . . , am) is indecompos-
able as an A1 module, but decomposable as an Aq module. Similarly,
if w = Y m, then V (m;w, a1, a2, . . . , am) is indecomposable as an Aq
module, but decomposable as an A1 module.
• Case m ≥ 4: If the degree of w in Y1 is 1 then V (m;w, a1, a2, . . . , am)
is indecomposable as an Aq module, but decomposable as an A1 mod-
ule.Similarly, if the degree of w in Y is 1 then V (m;w, a1, a2, . . . , am) is
indecomposable as an A1 module, but decomposable as an Aq module.
• Case m ≥ 4: If w is of degree at least 2 in y and at least degree 2 in
Y1, then V (m;w, a1, a2, . . . , am) is decomposable as an A1 and an Aq
module.
While we do not have any general statements of indecomposable finite dimen-
sional D-modules we can say the following:
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Theorem 6: Let V = ⊕m∈ωVm be a finite dimensional D weight module with
support contained in orbit ω. Then dim(Vm) = dim(Vn) for any m, n ∈ ω.
Proof. Since the characteristic of k is p and so is the order of q, we see that ω
is a circular orbit of length p. Further, ω has at most one Aq-break and has at
most one A1-break.
Suppose that ω does not have an Aq-break or an A1-break. Let m ∈ ω be
in the support of V , and consider X : Vm → Vα(m). Suppose v ∈ Vm is in the
kernel of X . That is, Y X(v) = τ(v) = 0 and Y1X(v) = (qσ − 1)(v) = 0. That
is, m = (τ, σ − 1
q
) which implies that m is an Aq as well as an A1 break. That
is, X is injective for every m. Since ω is a circular orbit, X : Vm → Vα(m) is an
isomorphism of vectorspaces for every m.
Now suppose that ω has an Aq-break or an A1-break. Without loss of general-
ity, suppose that ω has an Aq-break, and since it is unique, let us name it mp−1.
Let ω = {m0,m1, . . . ,mp−1} where mi = α
i(m0). As mi is not a break for any
i < p− 1, then by the argument in the preceding paragraph, X : Vmi → Vmi+1
is injective for every i < p− 1.
Suppose for some i < p − 1, X : Vmi → Vmi+1 is not surjective. Then there
is a v ∈ Vmi+1 not in X(Vmi). Now, Y1(v) ∈ Vmi . Note, XY1(v) = (σ − 1)(v).
If (σ − 1)(v) 6= 0, then v ∈ X(Vmi) contradicting the choice of v. Hence,
(σ − 1)(v) = 0. In other words, v ∈ m0. In other words, X : Vmi → Vmi+1 is
surjective for every i, 0 ≤ i < p− 1. We have thus proved the theorem.
Remark 14: Note that by Proposition 1, every weight space of an irreducible
D-module is of dimension 1 over an algebraically closed field, irrespective of its
characteristic. Theorem 6 seems to lead to a generalization of Proposition 1 for
D-modules not necessarily irreducible. Yet, Theorem 6 is not true for weight
D-modules when the characteristic k is not equal to the order of q. For instance,
suppose characteristic of k is 3 and q2 = 1. Then, a cyclic orbit is of length
6. Let m1 = (τ − 1, σ − 1) and ω = {mi = αi(m1) | 0 ≤ i ≤ 5}. Let Vmi be
one-dimensional with basis {vi} for 1 ≤ i ≤ 3 and zero-dimensional otherwise.
Assign it a D-module structure by
τ(v1) = v1, σ(v1) = v1, X(v1) = v2,
τ(v2) = 2v2, σ(v2) = qv2, X(v2) = v3,
τ(v3) = 0, σ(v3) = v3, X(v3) = 0,
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Y (v1) = 0, Y1(v1) = 0,
Y (v2) = v1, Y1(v2) = (q − 1)v1,
Y (v3) = 2v2, Y1(v3) = 0.
4.5. Isomorphisms among various families of D-irreducible weight
modules. The following isomorphisms are noted:
(1) When b ∈ k∗ \ {qi}i∈Z and a ∈ k \ Z, then Vq(ω, b, a) ∼= V1(ω, a, b).
These modules are described in section 3.1, case 3.1.1, and section 3.2,
case 3.2.1, respectively.
(2) When q is not a root of unity, b = qk for some k ∈ Z and a ∈ k \ Z,
then V1(ω, a, b) ∼= Vq(ω, J, J ′a) where the two are described in section
3.2, case 3.2.1, and section 3.1, case 3.1.2, subcase (1) respectively.
(3) When q is a root of unity, b = qk for some k ∈ Z and a ∈ k \ Z, then
V1(ω, a, b) ∼= Vq(ω, J, J) where the two are described in section 3.2, case
3.2.1, and section 3.1, case 3.1.3, case (1) respectively.
(4) When b ∈ k∗ \ {qi}i∈Z and a ∈ Z, then Vq(ω, b, a) ∼= V1(ω, J, J ′, b).
These modules are described in section 3.1, case 3.1.1, and section 3.2,
case 3.2.2, subcase (1) respectively.
(5) When a /∈ Zp and q /∈ {qi}i∈Z, we have Vq(ω, f, b, a) ∼= V1(ω, f, a, b).
(6) When w = ǫ, the emtpy word, Vq(ω, j, ǫ) is isomorphic to V1(ω, j, ǫ) as
D-modules; refer to sections 3.1.5 and 3.2.5 for details.
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